We define Baryon Acoustic Oscillation (BAO) distancesdα(z, zc),dz(z, zc), andd / (z, zc) that do not depend on cosmological parameters. These BAO distances are measured as a function of redshift z with the Sloan Digital Sky Survey (SDSS) data release DR12. From these BAO distances alone, or together with the correlation angle θ MC of the Cosmic Microwave Background (CMB), we constrain the cosmological parameters in several scenarios. We find 4.3σ tension between the BAO plus θ MC data and a cosmology with flat space and constant dark energy density Ω DE (a). Releasing one and/or the other of these constraints obtains agreement with the data. We measure Ω DE (a) as a function of a.
INTRODUCTION
A point-like peak in the primordial density of the universe results, well after recombination and decoupling, in two spherical shells of overdensity: one of radius ≈ 150 Mpc, and one of radius ≈ 18 Mpc [1] [2] [3] . (All distances in this article are "co-moving", i.e. are referred to the present time t 0 .) The "acoustic length scale" r
Mpc is approximately the distance that sound waves of the tightly coupled plasma of photons, electrons, protons, and helium nuclei traveled from the time of the Big Bang until the electrons recombined with the protons and helium nuclei to form neutral atoms, and the photons decoupled. The inner spherical shell of ≈ 18 Mpc becomes re-processed by the hierarchical formation of galaxies [4] , while the radius of the outer shell is unprocessed to better than 1% [3] (or even 0.1% with corrections [3] ) and therefore is an excellent standard ruler to measure the expansion of the universe as a function of redshift z. Histograms of galaxy-galaxy distances show an excess of galaxy pairs with distances in the approximate range 150 − 18 to 150 + 18 Mpc. This "Baryon Acoustic Oscillation" (BAO) signal has a signal-to-background ratio of the order of 0.1% to 1%. Measurements of these BAO signals are by now well established (see [2, 3] for extensive lists of early publications).
In this article we present studies of BAO with Sloan Digital Sky Survey (SDSS) data release DR12 [5] .
THE HOMOGENEOUS UNIVERSE
To establish the notation, let us recall the equations that describe the metric and evolution of a homogeneous universe in the General Theory of Relativity: [6] 
where the expansion and Hubble parameters are defined as
We rescale r such that the curvature constant k adopts one of three values: k = 0, 1 or −1 for a spatially flat, closed or open universe, respectively. Today t = t 0 , a(t 0 ) ≡ a 0 ≡ 1 and H(t 0 ) ≡ H 0 . The "red shift" z is related to the expansion parameter:
where f and f 0 are the frequencies of emission and reception of a ray of light as measured by comoving observers. Note that along a light ray f a is constant. Ω m /a 3 and Ω r /a 4 are, respectively, the densities of nonrelativistic matter and ultra-relativistic radiation measured in units of the "critical density" ρ c ≡ 3H 2 0 /(8πG N ).
2 . In the General Theory of Relativity Ω DE = Λ/(3H 2 0 ), where Λ is the "cosmological constant". To test the theory we let Ω DE (a) ≡ Ω DE f (a) (with f (1) = 1) be a function of a to be determined by observations. Note that from Eq. (2) at t 0 we obtain the identity Ω m + Ω r + Ω DE + Ω k ≡ 1.
It is observed that Ω k ≪ 1 [6] so we expand expressions up to first order in Ω k . At the late times of interest the density of radiation is negligible with respect to the density of matter so we set Ω r = 0. We consider four scenarios:
1. The observed acceleration of the expansion of the universe is due to the cosmological constant, i.e. f (a) = 1.
2. The observed acceleration of the expansion of the universe is due to a gas of negative pressure with an equation of state w ≡ p/ρ < 0. We allow the index w to be a function of a [2, 7] : w(a) = w 0 +w a (1−a). While this gas dominates E(a) the equation [6] 
can be integrated with the result [2, 7] For small separation z 1 − z 2 = ∆z, d z ≈ ∆z/E(z). The function 1/E(z) is presented in Table 2 for some bench mark universes. Problem: An astronomer observes two galaxies at redshifts z 1 and z 2 separated by an angle α 1. What is the TABLE I: Function χ(z) for several values of z, Ωm and Ω DE . Ω k = 1 − Ωm − Ω DE . Measurements at the "Lyman alpha forest" correspond to z ≈ 2.4. Decoupling of photons occurs at z = 1090.2 ± 0.7 [6] . All columns have w0 = −1, wa = 0, except the row (*) which has w0 = −0.9, wa = 0. An approximation to χ(z) good to an accuracy of ±1% for z in the range 0 to 1 is χ(z) = z exp(−z/zc) with zc given in the next-to-last row. rS is calculated from Eq. (19) with θ MC given by (12). 
All columns have w0 = −1, wa = 0, except the row (*) which has w0 = −0.9, wa = 0. An approximation to 1/E(z) good to an accuracy of ±1% for z in the range 0 to 1 is 1/E(z) = (1 − z/zc) exp(−z/zc) with zc given in the last row. distance d ′ between these two galaxies today? Answer:
The distances d, d α and d z are dimensionless: they are expressed in units of c/H 0 . This way we decouple BAO observables from the uncertainty of H 0 . Equations (9) can be applied to the cosmic microwave background (CMB). It is observed that fluctuations in the CMB have a correlation angle [6] θ MC = 0.010413 ± 0.000006
(we have chosen a measurement with no input from BAO). The extreme precision with which θ MC is measured makes it one of the primary parameters of cosmology. The corresponding distance today is
and depends on the cosmological parameters. For the six-parameter ΛCDM cosmology fit to Plank CMB data [6] ,
From Eqs. (9) with H 0 ≡ 100 h km s −1 Mpc −1 , h = 0.673 ± 0.012 [6] , and χ(z dec ) ≈ 3.178 from Table I, we obtain r ′ S (z dec ) ≈ 147.4 Mpc and r S ≡ (H 0 /c)r ′ S (z dec ) ≈ 0.0331. We expect an excess of galaxy pairs with a present day separation r ′ S . We find the following approximations to χ(z) and 1/E(z) valid in the range 0 ≤ z < 1 with precision ±1%:
(15) The values of z c for some bench-mark universes are given in Tables I or II. Our strategy is as follows: We consider galaxies with red shift in a given range z min < z < z max . For each galaxy pair we calculate d α (z, z c ), d z (z, z c ) and d(z, z c ) with Eqs. (11) with the approximation (15), and with Ω k = 0, and fill one of three histograms of d(z, z c ) (with weights to be discussed later) depending on the ratio
) that is calculated with sufficient accuracy with the approximation (15) and Ω k = 0.
•
• Else, fill a third histogram of d(z, z c ) that obtains a BAO signal centered atd / (z, z c ).
were chosen because (i) they are dimensionless, (ii) they do not depend on any cosmological parameter, and (iii) are almost independent of z (for an optimized value of r c ≈ 3.79) so that a large bin z max − z min may be analyzed.
The dimensionless correlation distance r S is obtained from θ MC as follows:
For χ(z dec ) we do not neglect Ω r of photons, or three generations of massless Dirac neutrinos, i.e. N eq = 3.36. We set r S = d BAO .
A numerical analysis obtains n = 1.70 for z = 0.2, dropping to n = 1.66 for z = 0. 
GALAXY SELECTION AND DATA ANALYSIS
We obtain the following data from the SDSS DR12 catalog [5] for all objects identified as galaxies that pass quality selection flags: right ascension ra, declination dec, redshift z, redshift uncertainty zErr, and the absolute values of magnitudes g and r. There are 991504 such galaxies. We require a good measurement of redshift, i.e. zErr < 0.001, leaving 987933 galaxies. To have well defined edge effects, we limit the present study to galaxies with right ascension in the range 110 0 to 260 0 , and declination in the range 0 0 to 70 0 . This selection leaves 832507 galaxies (G).
We renormalize the magnitudes g and r to a common redshift z = 0.35 (g 35 and r 35 respectively) and calculate their absolute luminosities in the r band relative to the absolute luminosity corresponding to r 35 = 19.0 (F ). We define "luminous galaxy" (LG), e.g. r 35 < 19.8, "luminous red galaxy" (LRG), e.g. r 35 < 19.5 and g 35 − r 35 > 1.65, "clusters" (C), and "large clusters" (LC). Clusters C are based on a cluster finding algorithm that uses LG's as seeds. Large clusters LC are based on a cluster finding algorithm that obtains averages (with weights F ) of ra, dec and z of galaxies in cubes of size (0.017c/H 0 ) 3 and then selects cubes with a total absolute luminosity greater than a minimum such that the cube occupancy is less than 0.5. We define "field galaxy" (FG) as a galaxy with d > 0.003 from any C. We define "cluster galaxy" (CG) as a galaxy with d < 0.003 from at least one C.
We define a "run" by specifying a range of redshifts (z min , z max ), and a selection of "galaxies" (G, LG, FG, or CG) and "centers" (G, LG, LRG, C, or LC). We fill histograms of center-galaxy distances and obtain the BAO distancesd α (z, z c ),d z (z, z c ), andd / (z, z c ) by fitting these histograms. Histograms are filled with weights
where F i and F j are the absolute luminosities F of galaxies i and centers j respectively. We obtain histograms with z c = 3.79, 3.0 and 5.0. We repeat the measurements with fine and coarse binnings of z, and with overlapping bins of z. The reason for this large degree of redundancy is the difficulty to discriminate the BAO signal from the background with its statistical and cosmological fluctuations due to galaxy clustering.
The fitting function is a second degree polynomial for the background and, for the BAO signal, a step-up-stepdown function of the form
An example of a BAO distance histogram is presented in Fig. 1 . A close-up of the fit to the BAO signal in Fig.  1 is presented in Fig. 2 . The most prominent features of the BAO signal are its lower edge atd − ∆d and its upper edge atd + ∆d, see Fig. 2 .
With few exceptions, we only accept runs with good fits for all three BAO distancesd α (z, z c ),d z (z, z c ), and d / (z, z c ) with consistent relative amplitudes and halfwidths ∆d of the signal.
Final results of these BAO distance measurements are presented in Table III . These 18 BAO distances are independent, do not depend on cosmological parameters, and are the main result of the present analysis. As crosschecks, and to estimate the systematic uncertainties, we present additional BAO distance measurements in Table  IV . 
SYSTEMATIC UNCERTAINTIES
The backgrounds of BAO distance histograms have fluctuations due to the clustering of galaxies [4] as seen in Fig. 2 . These fluctuations are the dominant source of systematic uncertainties of the BAO distance measurements. These systematic effects are independent for each entry in Table III . We estimate the systematic uncertainties directly from the data by calculating the standard deviations of measurements presented in Tables III  and IV with 
andd / (z, z c ). These measurements have different galaxy and center selections and different bins (z min , z max ) so the fluctuations of the backgrounds of the BAO distance histograms are different. The resulting standard deviations are approximately 0.00060 ford α (z, z c ),d z (z, z c ), andd / (z, z c ) independently of z, so we assign an independent systematic uncertainty ±0.00060 to each entry in Tables III and IV to be summed in quadrature with the statistical uncertainties obtained from the fits. The histograms of BAO distances have a bin size 0.00025 that is much smaller than the systematic uncertainty.
Here are two ideas left for future studies: (i) The systematic uncertainty ±0.00060 is about three times larger than the statistical uncertainties from the fits. Therefore it should be possible to improve the selection of galaxies and centers to reduce the systematic uncertainty at the expense of increasing the statistical uncertainties. (ii) For some bins in z it was possible to fit several runs, e.g. G-G, LG-LG and G-C, which are partially independent, see Tables III and IV . Averaging such measurements may be considered.
CORRECTIONS
Let us consider corrections to the BAO distances due to peculiar velocities and peculiar displacements of galaxies towards their centers. A relative peculiar velocity v p towards the center causes a reduction of the BAO distanceŝ
In addition, the Doppler shift produces an apparent shortening ofd z (z, z c ) by v p /c, and somewhat less ford / (z, z c ).
From the studies in Ref. [8] we add the following corrections to the measured BAO distances presented in Tables  III and IV: ∆d z = 0.0012, ∆d / = 0.75∆d z , ∆d α = 0.5∆d z (20)
These corrections depend on z and on the mass of the halos so ∆d z lies in the approximate range 0.0006 to 0.0024 [8] .
We would like to obtain the peculiar motion corrections directly from the data. We exploit the fact that the corrections ∆d z and ∆d α ≈ 0.5∆d z [8] are different so the correct ∆d z should minimize the χ 2 of fits. In Table V we present fits to the cosmological parameters Ω k , Ω DE − 0.5Ω k and d BAO that minimize the χ 2 with 18 terms corresponding to the 18 entries in Table III for ∆d z = 0.0000, 0.0012, 0.0024, and 0.0036. The fits correspond to Scenario 4 with free Ω k . We present Ω DE + 0.5Ω k which has a smaller uncertainty than Ω DE . We observe that the χ 2 of the fits is minimized at ∆d z = 0.0012 ± 0.0013. The same result ∆d z = 0.0012 ± 0.0013 is obtained for Scenario 1 with free Ω k . Minimizing the χ 2 with 19 terms corresponding to the 18 BAO measurements plus the measurement of θ MC in Scenario 4 with free Ω k results in a minimum χ 2 at ∆d z = 0.0018 ± 0.0008.
The distribution of the galaxies peculiar velocity component in one direction peaks at zero and drops to about 10% at v p ≈ ±1000 km/s [4] corresponding to v p /c = 0.0033. Most of these galaxies at large v p are in clusters. For relative peculiar velocities of galaxies towards centers at the large BAO distance we expect v p /c ≪ 0.0033.
In the limit z → 0 we obtain the corrected BAO distancesd z (0, z c ) =d α (0, z c ). If from [8] we take approximately ∆d α ≈ 0.5∆d z , we obtain ∆d z ≈ −0.0003 ± 0.0017 from the row z = 0.1 of Table III , and ∆d z ≈ 0.0031 ± 0.0013 from the row z = 0.25, with an average ∆d z ≈ 0.0014 ± 0.0011.
In conclusion, we apply to the entries of Tables III and IV the corrections in Eqs. (20) with ∆d z = 0.0012 ± 0.0012, which is coherent for all entries. In the next Section we present fits for ∆d z = 0.0012 and ∆d z = 0.0000.
COSMOLOGICAL PARAMETERS FROM BAO
Let us try to understand qualitatively how the BAO distance measurements presented in Table III constrain the cosmological parameters. In the limit z → 0 we obtain d BAO =d α (0, z c ) =d z (0, z c ) =d / (0, z c ), so the row with z = 0.1 in Table III approximately Table III then also constrain w 0 and w a or w 1 .
In Table VI we present the cosmological parameters obtained by minimizing the χ 2 with 18 terms corresponding to the 18 BAO distance measurements in Table III for several scenarios. We find that the data (with the correction (20) with ∆d z = 0.0012) is in agreement with the simplest cosmology with Ω k = 0 and Ω DE (a) constant with χ 2 per degree of freedom (d.f.) 19.3/16, so no additional parameter is needed to obtain a good fit to this data. Note that the BAO data alone place a tight constraint on Ω DE + 0.5Ω k = 0.646 ± 0.022 for constant Ω DE (a), or 0.656 ± 0.065 when Ω DE (a) is allowed to depend on a as in Scenario 4. The constraint on Ω k is weak.
In Table VII we present the cosmological parameters Ta Table VII. Table  VIII presents the corresponding fits with no correction for peculiar motions.
In summary, we find that the BAO+θ MC data are in agreement with a family of universes with different Ω k . Two examples are presented in Table VII: Table III Table VII . This tension is equivalent to 4.3σ for one degree of freedom. Releasing a single parameter reduces the tension to less than 1.5σ.
The main contributions to the χ 2 of the reference fit ared / (0.54, z c ) contributing 8. We now perform a fit with different BAO measurements listed in Table IV : 0.2 < z < 0.4 G-C, 0.4 < z < 0.5 G-C, 0.5 < z < 0.6 G-LC, and 0.6 < z < 0.9 LG-LG. These measurements have different selections of centers and/or galaxies, or different binnings of z, and different fits from the measurements in Table III . The fit to these 12 BAO measurements plus θ MC for Scenario 1 with Ω k = 0 fixed obtains 32.0/11, equivalent to a tension of 3.4σ for 1 degree of freedom. Releasing only Ω k obtains 4.6/10 with Ω k = 0.072 ± 0.017. Releasing only w 0 obtains 5.9/10 with w 0 = −0.658 ± 0.065. Releasing only w 1 obtains 7.2/10 with w 1 = 1.745 ± 0.458. Note that releasing a single parameter removes the tension. These last three fits are consistent with the ones presented in Table VII , and have χ 2 per d.f. less than 1 confirming that we are not underestimating the systematic uncertainty of the BAO distances.
To remove the tension between the Scenario with Ω k = 0 fixed and Ω DE (a) constant it is necessary to shift θ MC by 200σ or increase the systematic uncertainty of the BAO distances ±0.00060 by a factor 1.7. It is difficult to imagine that the systematic uncertainty is wrong by a factor 1.7 when it was obtained directly from the data, and in addition we obtain χ 2 per d.f. close to 1 by releasing a single parameter.
The conclusions are: (i) Scenario 1 with Ω k = 0 and constant Ω DE (a) has tension with the BAO plus θ MC data, and (ii) dropping the constraint Ω k = 0 and/or allowing Ω DE (a) to be variable leaves no significant tension. These conclusions are robust with respect to the selection of the BAO data. Table III Table IV . These measurements are partially correlated.
For Ω k = 0 we have (d BAO , Ω DE ) = (0.0337, 0.732) (squares). For Ω k = 0.065 we have (0.0345, 0.604) (triangles). The curve corresponding to the fit for Scenario 3 in Table VII has been added.
MEASUREMENT OF Ω DE (a)
We obtain Ω DE (a) from the 6 independent measurements ofd z (z, z c ) in Table III Table VII . The results are presented in Fig. 3 . To guide the eye, we also show the straight line corresponding to Scenario 4.
To cross-check the robustness of Ω DE (a) in Fig. 3 we add the 17 measurements ofd z (z, z c ) in Table IV and obtain Fig. 4 . Note that these measurements ofd z (z, z c ) are partially correlated.
Note that Ω DE (a) is consistent with a constant for Ω k = 0.065, but not for Ω k = 0.
CONCLUSIONS
The main results of these studies are the 18 independent BAO distance measurements presented in Table III which do not depend on any cosmological parameter. These BAO distance measurements alone place a strong constraint on Ω DE + 0.5Ω k = 0.646 ± 0.022 (for constant Ω DE ) or 0.656 ± 0.065 (when Ω DE (a) is allowed to depend on a), while the constraint on Ω k is weak.
Constraints on the cosmological parameters in several scenarios from the BAO measurements alone and from BAO plus θ MC measurements are presented in Tables  VI, VII The BAO plus θ MC data for constant Ω DE (a) obtains Ω k = 0.061 ± 0.012 for ∆d z = 0.0012 and Ω k = 0.037 ± 0.011 for ∆d z = 0. These results have some tension with independent observations: Ω k = −0.042 +0.024 −0.022 from CMB data alone with the assumption of constant Ω DE (a) [6] , and Ω k ≈ 0.000 ± 0.013 from CMB plus supernova (SN) data with the assumption of constant Ω DE (a) [6] . If Ω DE (a) is allowed to be variable there are only loose constraints on Ω k from independent measurements, so the case with Ω k = 0 with non-constant Ω DE (a) is viable.
